Qualitative information about the quantized energy levels of a system can be of great value. We study the relationship between the bound-state energies of an anisotropic potential and those of its spherical average. It is shown that the two ground-state energies satisfy an inequality, and there is a similar inequality for the first excited states.
Two-body bound states can play an important role in physical properties of a many-body system; examples are the thermodynamic equation of state of a gas 1 , or the energy of an impurity in an interacting gas 2 . The knowledge of general properties of bound states is useul both for concrete calculations as well as a help to find model potentials when the exact interaction is unknown.
In this note, we derive general inequalities which relate the energies of quantum-mechanical bound states, the ground state and the first excited state, in an arbitrary anisotropic potential V (r) to the bound-state energies of the isotropic potentialV , which is the spherical average of V . Inequalities of this type have not been discussed in connection with bound states, to the author's knowledge, although there are works in the mathematical literature 4, 5 which consider a related ground-state inequality.
Consider the bound states of one particle in an external anisotropic (non-central) potential V (r), described by the Schrödinger equation
We want to compare bound-state energies in a potential V (r) with the bound-state energies in the spherically averaged potential. Given an arbitrary potential V (r), its spherical average is
where (r, θ, φ) are spherical coordinates; for short we write dΩ = sin θdθdφ. Clearly, the spherically averaged potentialV itself is spherically symmetric. One can always write V (r) =V (|r|) + ∆V (r), thusV may be considered as the isotropic part of V . One has
which follows directly from the definition, Eq. (2).
I. GROUND STATE INEQUALITY
Let us first derive a simple inequality which will be of use. Consider, besides the Hamiltonian H = H 0 + V , a second Hamiltonian H U = H 0 + U . Let u 0 be the normalized wave function of the ground state of H U with energy ǫ 0 = u 0 |H U |u 0 . Let us assume that
This assumption leads, with the help of the variational principle, immediately to an inequality between the ground-state energies of H and H U , denoted E 0 and ǫ 0 . We have
Here the second line uses the assumption Eq. (4), and the third line uses the Rayleigh-Ritz variational principle: u 0 is the wrong wave function for the ground state of H. The ground-state wave function of the spherically symmetric potentialV , which is the spherical average of V (r), will be denoted u 0 = u 0 (|r|); it is an s state, since the ground state wave function has no nodes. We have
by using Eq. (3). In the inequality (5), we take u = u 0 , and the assumption of Eq. (4) is thus satisfied, with ∆V = V −V andV ≡ U . Therefore, we conclude that the ground state of a potential V (r), denoted E 0 , is always lower or equal in energy than the ground state of its isotropic componentV , denotedĒ 0 :
A consequence of this result concerns the existence of bound states. The inequality (7), and the fact that it has been derived variationally, shows that if the angleaveraged potentialV has a bound state, the potential V (r) has a bound state as well.
The ground-state inequality (7) can be phrased concisely in terms of perturbation theory. We have H = H U + ∆V , where H U is as before the Hamiltonian with the angle-averaged potential. Consider H U the unperturbed part and ∆V as a perturbation. The energy shift of the ground state in first-order perturbation theory is ∆E
(1) = u 0 |∆V |u 0 = u 0 |V − U |u 0 . Therefore: if the ground-state energy decreases or stays constant in firstorder perturbation theory, then the exact ground-state energy of the full Hamiltonian is lower or equal than that of the unperturbed Hamiltonian.
II. FIRST EXCITED STATE
Now we want to derive an inequality which relates the energy of the first excited state E 1 of a potential V (r) to the energy of the first excited stateĒ 1 of its spherical averageV (r).
We will use the Hylleraas-Undheim variational method, which may be stated as follows. Let φ 1 , . . . , φ k be any k normalized and mutually orthogonal functions.
Then we have (assuming that H has at least k bound states)
The wave functions of the spherically averaged potentialV will be denoted u 0 , u 1 for the ground state and the first excited state, respectively. We take k = 2, the orthonormal functions
where we have used H = H 0 +V +∆V and u 0 |∆V |u 0 =0 (cf. Eq. (6)). There are two cases regarding the symmetry of the wave function of the first excited state in a spherically symmetric potential. Most often, it is a p state (e.g. in a deep spherical well or in the three-dimensional anisotropic harmonic oscillator); however, there are also potentials where the first excited state is an s state.
Let us first consider the case where the first excited state ofV is a p state. There are three energetically degenerate wave functions f 1 , f 2 , f 3 of the form χ(r)Y 1m (θ, φ) with m = −1, 0, 1. Let us put u 1 (r) = a 1 f 1 (r) + a 2 f 2 (r) + a 3 f 3 (r) where a = (a 1 , a 2 , a 3 ) with |a| = 1 is to be determined later. Consider the quadratic form in the variables a 1 , a 2 , a 3 :
with the hermitian 3 × 3 matrix M ij = f i |∆V |f j . One sees that the trace of the matrix M is zero:
where we have used Eq. (3) and the identity
. The minimal value of the quadratic form in Eq. (10), for to any a with |a| = 1, is the smallest eigenvalue of M , which is ≤ 0 here since the trace is the sum of eigenvalues. Therefore there is a linear combination of the three p states, such that
Now we want to conclude u 0 |∆V |u 1 = 0, which can be often done based on symmetry. As a concrete example, assume that the anisotropic potential V (r) is symmetric under inversion, i.e. V (r) = V (−r); then, this is also true of ∆V . Thus u 0 |∆V |u 1 = 0 because the p state u 1 is odd under inversion. This argument can be generalized if V (r) has a "sufficiently high" symmetry, this is discussed in Sec. IV.
Applying the Hylleraas-Undheim inequalities (8) to the matrix in Eq. (9) and using Eq. (12), we get the inequality for the first excited state:
provided there is sufficient symmetry to have u 0 |∆V |u 1 = 0. The case when the first excited state of the isotropic potentialV is an s-wave state is simpler. Here we have u 0 |∆V |u 1 = 0 and u 1 |∆V |u 1 = 0, by the same reasoning as in Eq. (6), and thus the inequality (13) follows.
We have found 6 , therefore, an inequality for the energy of the first excited state E 1 of a potential and the energy of the first excited stateĒ 1 of its angle-average. It is valid if the potential is symmetric on r → −r, or has some other "high" symmetry (see Sec. IV).
Let us connect the results with perturbation theory, as was done for the ground state. Write H = H 0 +V + ∆V as before, the isotropic part H 0 +V is the unperturbed potential, and ∆V is considered as a perturbation. When the first excited states of theV are p states one needs to apply degenerate perturbation theory. The energy shifts in first order 3 are precisely the eigenvalues of the matrix M which appears in Eq. (10), and it was shown that at least one of the eigenvalues is ≤ 0. The second-order energy shift for the first excited state is
provided u 0 |∆V |u 1 = 0. The case when the first excited state is an s state leads to the same results. Thus, the inequality (13) is valid in first-order perturbation theory regardless of symmetry, and in second-order perturbation theory if ∆V satisfies a symmetry requirement.
III. OTHER DIMENSIONALITIES
The preceding discussion also holds for the twodimensional Schrödinger equation and its bound states. One only has to replace the definition of the spherical average, Eq. (2), by the angle-average in two dimensions
where (ρ, φ) are polar coordinates. The inequality for ground states (7) holds. One can also repeat the calculations for the p excited state, obtaining the inequality (13), again subject to sufficient symmetry (see Sec. IV) to conclude u 0 |∆V |u 1 = 0. In the one-dimensional case averaging over all space directions becomes the average over two points x and −x. Thus here the decomposition V =V +∆V is the splitting of the potential into its even and odd component. The ground-state inequality (7) remains true. It seems that one cannot repeat the reasoning of Sec. II, however.
IV. SYMMETRY CONSIDERATIONS
Here we discuss necessary conditions to have
where u 0 , u 1 are of s, p symmetry, respectively, and V (r) is some anisotropic potential. We will conclude that u 0 |V |u 1 = 0 if V (r) has "sufficiently high" symmetry. Often a potential V (r) is symmetric with respect to some geometric transformations, such as rotations or reflections. Thus we consider a potential V which is invariant under a point group G. The wave function u 0 , being an s state, is also invariant under G. The wave function u 1 is a linear combination of the ℓ = 1 spherical harmonics. Linear combinations of spherical harmonics (with fixed ℓ) transform according to one of the irreducible representations of the point group G. The general selection rule for a matrix element 3 then tells that u 0 |V |u 1 = 0 if the p states transform according to a non-trivial representation of G. Note that we need to look at all p states since in Sec. II we have constructed u 1 to be a linear combination of all three states.
When the point symmetry group G is known, one can look up in group tables how the spherical harmonics of p type transform under this group. For the convenience of the reader, we state the results here. One has u 0 |V |u 1 = 0 if G is any of the following groups: i) the seven cubic and icosahedral groups, ii) the axial groups C nh , D n , D nh , D nd , S 2n for n integer, except C 1h = C s and D 1h = C 2v , iii) the cylindrical group D ∞h . The case from Sec. II, where u 0 |V |u 1 = 0 if V (r) is invariant under inversion, corresponds to symmetry group S 2 .
In the two-dimensional case the same arguments apply, only that we are dealing with a two-dimensional point group G. We have u 0 |V |u 1 = 0 if G is one of the twodimensional point groups C 
V. CONCLUSIONS
We have discussed how bound-state energies of an arbitrary anisotropic potential and its spherical average are related. An exact inequality for the ground states and for the first excited states was given. While the ground-state result is general, the excited-state inequality requires that the anisotropic potential possesses certain symmetry. Connections with perturbation theory are discussed, and a remark on the existence of bound states is made. The results apply also in the two-dimensional case.
The results may be useful for the practical calculation of energies of bound states. It is relatively easy to calculate bound-state energies for spherically symmetric potentials, while full the numerical solution of a threedimensional problem can be difficult. Bounds, such as those discussed here, provide an estimate for the eigenvalues of the three-dimensional problem.
